In this paper, we investigate the problem of (k, Q)-Ramsey classes of graphs, which were where O 2 denotes the class of all bipartite graphs. A (k; Q)-colouring of a graph G is a mapping f from the set of vertices of G to the set {1, . . . , k} of colours, such that for any two distinct colours i and j, the subgraph induced in G by all the edges xy such that f (x) = i and f ( y) = j has the property Q. A graph property P is called a (k, Q)-Ramsey class of graphs, if for any graph G ∈ P , there is a graph H ∈ P such that in any (k; Q)-colouring of H we have a monochromatic copy of G.
Introduction
All graphs which we consider are finite, undirected and without loops or multiple edges. Let G be a graph and let V (G) and E(G) be its vertex set and edge set, respectively. For a set U ⊆ V (G) ( 
or F ⊆ E(G)) the subgraph of G induced by U (by F , respectively) is denoted by G[U] (by G[F ], respectively). The subgraph of G isomorphic to a complete graph is called a clique of G, or a k-clique, if its order equals k. The clique number of a graph G, denoted by ω(G), is defined as the order of the largest clique in G.
A k-colouring of a graph G is a mapping f from the set of vertices of G to the set {1, . . . , k} of colours. A k-colouring is called proper, if every two adjacent vertices have distinct colours.
The classical concept of a proper colouring has been generalised or extended in many different ways. One of such variations, namely an acyclic colouring, was presented by Grünbaum in 1973 in the paper [13] . A proper k-colouring f of a graph G is called acyclic, if for any two distinct colours i and j, the set of the edges xy such that f (x) = i and f ( y) = j induces an acyclic graph.
In 1998, Yuster defined another type of graph colouring called a linear colouring [21] . In this colouring we require that adjacent vertices have distinct colours and for any two distinct colours i and j, the subgraph induced by the edges xy such that the vertex x is coloured with i and the vertex y is coloured with j induces a linear forest, i.e. a forest in which each component is a path. A similar concept of a star colouring of graphs was presented by Albertson et al. in [1] . For other references on acyclic, star and linear colourings, see [2] [3] [4] [5] [6] 10, 11, 20] .
In [8] , the concept of a Q-colouring of graphs was introduced, as a generalisation of all the above-mentioned. Before we formally define a Q-colouring, we need to present necessary definitions and notations. We follow the notation of Borowiecki et al. [7] . * Corresponding author. Let I denote the set of all finite graphs. Any nonempty subset of I, which is closed with respect to isomorphism is called a graph property. The set I is called a trivial graph property. We say that a graph property P is hereditary, if from the fact that G ∈ P and H ⊆ G it follows that H ∈ P .
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By L we denote the set of all hereditary graph properties. Below we list some hereditary graph properties, which we use later. Let k be a positive integer.
For instance, D 1 is the property of being a forest and O 2 is the class of all bipartite graphs.
Any nontrivial hereditary graph property P can be characterised by the set of its minimal forbidden subgraphs [7] , defined as follows:
Therefore, for a set F I, we can define:
If F = {F }, then we use the notation Forb(F ).
In [7] it was proved that a nontrivial hereditary graph property P can be also defined by the set M (P ) = {G ∈ I : G ∈ P and for any edge e ∈ E(G), G + e ̸ ∈ P } of its maximal graphs.
Before we proceed, let us illustrate these definitions by a simple example. Consider for instance the property D 1 of being a forest. Clearly, the set of its minimal forbidden subgraphs F (D 1 ) = {C n , n ≥ 3}. It is also easy to observe that
Consider an arbitrary set G ⊆ I. We say that the property P is generated by the set G, called generator of P , if
It is easy to see that P is a hereditary graph property. In [7] it was proved that the set M (P ) generates the hereditary property P . Therefore in the proofs we may restrict our attention only to the set of maximal graphs of P .
For definitions and notations not presented here, we refer the reader to [7, 19] .
Definition and basic properties of a (k, Q)-Ramsey class
We define a ((P 1 , . . . , P k ); Q)-colouring of a graph G as a (P 1 , . . . , P k )-colouring of G such that for any two distinct colours i and j, To see this, observe first that since Q is a hereditary graph property and Q O 2 , there exist integers t 1 , t 2 ≥ 1 such that the complete bipartite graph K t 1 ,t 2 ̸ ∈ Q. Let t = min(t 1 , t 2 ). We prove that for any k ≥ 2 there is a bipartite t-degenerate graph G which does not admit any (O k ; Q)-colouring. Such a graph can be constructed as follows. Assume t 1 ≤ t 2 . We start with the graph K n 1 , with n 1 = (t 1 − 1)k + 1. Denote its vertex set by A. For each t 1 -subset S of A, add n 2 = (t 2 − 1)(k − 1) + 1 new independent vertices and join each of them to all vertices of S. Denote the set of all vertices added in this way by B.
Clearly, G is bipartite, with bipartition (A, B), and t-degenerate. Assume to the contrary that G has an (O k ; Q)-colouring. Then there is a set U ⊆ A containing t 1 vertices which are all coloured with the same colour, say colour 1. Consider the set U ′ ⊆ B of n 2 vertices which are adjacent to all vertices of U. Clearly, a vertex y ∈ U ′ cannot have colour 1. But from the fact that K t 1 ,t 2 ̸ ∈ Q it follows that we cannot use a colour c ∈ {2, . . . , k} more than t 2 − 1 times on the vertices of U ′ . But
We use the concept of a (k; Q)-colouring of a graph to define a (k, Q)-Ramsey class. This notion was introduced in [8] ,
as an extension of the well-known concept of a vertex Ramsey class of graphs. We prove that some important graph classes, such as k-degenerate graphs, k-trees or hom-properties, are (k, Q)-Ramsey classes of graphs. We also present sufficient conditions for a graph property to be a (k, Q)-Ramsey class. For a reference concerning Ramsey classes of graphs, see [18] . Let k ≥ 2 be an integer and
where V i denotes the set of vertices of H coloured with i.
It is easy to observe that if a graph property P is a (k, Q)-Ramsey class, for some k ≥ 2, then P is also an (l, Q)-Ramsey class for each l ∈ {2, . . . , k}. The opposite is not true; see for instance Theorem 2. Another useful observation is that if a property P is a (k, Q)-Ramsey class and Q ′ is a hereditary graph property such that Q ′ ⊆ Q, then P is also a (k, Q ′ )-Ramsey class. It is worth noticing that if P is a vertex Ramsey class in the usual sense (in our notation it means P is a (2, O 2 )-Ramsey class), then P is also a (2, Q)-Ramsey class for any hereditary graph property Q O 2 .
The following lemma gives a sufficient condition for a graph property not to be a (k, Q)-Ramsey class.
Proof. Assume to the contrary that P is a (k, Q)-Ramsey class. Therefore there exists a graph H ∈ P such that in any (k; Q)-colouring of H we obtain a monochromatic copy of
Degenerate graphs, k-trees and chordal graphs
In this section, we consider k-degenerate graphs, k-trees and partial k-trees, and also chordal graphs of clique number at most k. We prove that all these properties are (k, Q)-Ramsey classes for the property
First we present generators of k-degenerate graphs and partial k-trees. For completeness we shall remind necessary definitions. Let k be a positive integer. A k-tree is a graph defined inductively as follows: a complete graph of order k is a k-tree. If G is a k-tree, and K is a k-clique of G, then a graph obtained from G by adding a new vertex and joining it by new edges to all vertices of K is a k-tree. Any subgraph of a k-tree is called a partial k-tree. The tree-width of a graph G, denoted by tw(G), is zero if G is edgeless; otherwise it is the smallest integer k such that G is a partial k-tree.
Let
Let G be a graph. We define a function λ, called level function, which assigns to each vertex x ∈ V (G) a nonnegative integer. The value assigned by λ to x is called its level. 
Lemma 2. For any graph G
Proof. Let k be a positive integer and G be a maximal k-degenerate graph. We proceed by induction on the order n of G. If n
It is quite easy to observe that from the construction of D(k, l + 1, r + 1) and the fact that
In the construction of D(k, l, r) we choose all k-subsets S ⊆ V (D(k, l − 1, r) ), which have level l − 1. It turns out that if we additionally require that the subset S induces a clique in D(k, l − 1, r), then we will obtain a k-tree. Below we define this construction formally. We follow Ding et al. [9] . Proof. Let G ∈ D 1 . Take any tree T such that G ⊆ T . Consider the tree T ′ = T (1, l, r) , where l equals the diameter of T and r = (k − 1)(t − 1) + ∆(T ). It is easy to see that in any (k; Q)-colouring of T ′ we have a monochromatic copy of T , and hence of G.
Next we consider the property D k of k-degenerate graphs for k ≥ 2. We prove that if a complete bipartite graph K 2,t is a forbidden subgraph for the property Q, then D k is a (k, Q)-Ramsey class. Clearly, H ∈ D k . From the above it follows that in any (k; Q)-colouring of H we have a monochromatic subgraph isomorphic to D, and hence to G.
Next we consider properties T k and T W k . We prove that if
Proof. For any G ∈ T k there is a graph T (k, l, r) such that G ⊆ T (k, l, r); see Observation 1. Hence it is enough to show how to obtain a required k-tree H for T (k, l, r). We use a construction analogous to the one presented in the proof of Theorem 1.
The graph H is constructed as follows: we start with the graph G * In [8] 
Corollary 1. If
Proof. The proof follows from the fact that for any G ∈ T W k there is a k-tree T such that G ⊆ T and from Theorem 2.
Another corollary of Theorem 2 concerns chordal graphs. Let us recall that a graph G is called chordal, if it does not contain an induced cycle of length greater than 3. For k ≥ 1, let
In the proof of Corollary 2 we use the following lemma, due to Kloks.
there is a k-tree T which is a triangulation of G.
In [12] , it was proved that any chordal graph G can be acyclically coloured with l colours, where l = ω(G). In our terminology, it means that any chordal graph
This fact implies the following.
Proposition 2. If Q is a hereditary graph property such that
2 , where t ≥ 2. Let k ≥ 2 be an integer. From Lemma 3 it clearly follows that for each G ∈ CH k there is a k-tree T such that G is a spanning subgraph of T . But every k-tree is chordal and its clique number is at most k + 1. Hence, T ∈ CH k . By Theorem 2, the property CH k is a (k, Q)-Ramsey class. Proposition 2 and Lemma 1 yield that CH k is not a (k + 1, Q)-Ramsey class, because D 1 ⊆ Q.
Hom-properties and perfect graphs
In this section we give, in Lemma 4, sufficient conditions for a graph property to be a (k, Q)-Ramsey class. We use this lemma to prove that if a hereditary graph property Q is a proper subset of O 2 , then both hom-properties generated by a connected graph and perfect graphs with bounded clique number are (k, Q)-Ramsey classes, for any integer k ≥ 2.
We start with an easy observation about the property O k , k ≥ 1. In [8] , the authors proved that if
where F is a connected bipartite graph, then O k is a (2, Q)-Ramsey class for any k ≥ 2. Using the same method it can be shown that O k is a (t, Q)-Ramsey class for any k, t ≥ 2. Now we present a generalisation of the above result. We start by defining the property O k in terms of a homomorphism
For a graph H ∈ I, we define → H = {G ∈ I : G → H}. The property → H is called the hom-property generated by H. Observe that the property → H is hereditary. For a more comprehensive view on hom-properties, we refer the reader to [16] .
It is obvious that O k =→ K k . We generalise the result concerning the property O k , presented in [8] , to all hom-properties generated by a connected graph. In the proof of Theorem 3 we use a lemma which gives sufficient conditions for a graph property to be a (k, Q)-Ramsey class. We use the notion of a disjunction of graphs, introduced by Harary et al. in [14] . The disjunction G 1 ∨ G 2 of graphs 
Proof. Let G ∈ P . The property P satisfies the first condition; hence there exists a connected graph G ′ ∈ P such that G ⊆ G ′ . Therefore, it is enough to prove that for any connected graph G ′ there exists a graph H ∈ P such that in any (k; Q)-colouring of H there is a monochromatic copy of G ′ .
Let (A, B) be any bipartition of the set of vertices of F into independent sets and take t = max{|A|, |B|, 2}. Property Q is a hereditary graph property; hence K t,t ̸ ∈ Q. Let H = G ′ ∨ K s , where s = (t − 1)k + 1. The second condition yields H ∈ P . We prove that in any (k; Q)-colouring of H, there is a monochromatic copy of We also use Lemma 4 to prove that if Q = Forb(F ) ∩ O 2 , where F is a bipartite graph with at least one edge, then the property Perfect k = {G ∈ I : G is perfect and ω(G) ≤ k + 1} is a (t, Q)-Ramsey class for any t, k ≥ 2.
In the proof of the above-mentioned result, the following observation will be useful.
Lemma 5. For any integers l ≥ 1 and k
Lemma 5 is a corollary of the Substitution lemma due to Lovász, which we present below for the sake of completeness.
Let G 1 and G 2 be disjoint graphs, x ∈ V (G 1 ). The substitution of G 2 for x in G 1 creates a new graph by removing x and its incident edges from G 1 , and adding an edge between each vertex of G 2 and each vertex in N G 1 (x). It is easy to see that G ∨ K l can be obtained from G by substitution of K l for each vertex of G. Hence, if G is perfect, then so is G ∨ K l . Moreover, ω(G) = ω(G ∨ K l ). 
